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ABSTRACT 

It was demonstrated recently that there is an upper bound of the Chern-Simons cou- 
phng of the five-dimensional Einstein-Maxwell theory, beyond which the electrically charged 
AdS2 X vacuum solution becomes unstable. We generalize the result to a general class 
of gravity theories involving Chern-Simons and/or transgression terms and find their up- 
per bounds for stability. We show that supergravities with AdSx Sphere vacua satisfy the 
bounds. 



1 Introduction 



Chern-Simons and transgression terms associated with form fields are common occurrences 
in supergravities. Typically supergravities allow all possible such terms but with the cou- 
pling strengths dictated by the super symmetry. For example, the factor of the Chern- 
Simons term in eleven-dimensional supergravity is indeed fixed by the supersymmetry [1]. 
It turns out this term plays an important role in quantizing the supermembrane tension [2] . 
It was demonstrated that the U-duality groups of maximum supergravities coming 

from the n-torus reduction would be broken to only the GL{n,M), had this coefficient not 
been | [3]. This enhancement of global symmetry from GL(n,]R) to En[+n) is crucial [1] for 
the consistent S"^ [Sj |6] or 5*^ [3 E] Kaluza-Klein reductions of eleven-dimensional super- 
gravity. The consistency requires a delicate balance [9] between the properties of the Killing 
vectors in the spheres and the properties of eleven-dimensional supergravity, including the 
"i" factor. 

On the other hand, in most of the isotropic p-brane constructions [21 |T0] in string and 
M-theory, there is no contribution from the Chern-Simons or the transgression terms. It 
is intriguing to question whether such terms have any effects on the p-brane physics. In 
particular, we are interested in the non-dilatonic p-branes whose decoupling limits give rise 
to AdSx Sphere backgrounds. These solutions are expected, and in some cases proven to 
be stable due to the supersymmetry they preserve. Nevertheless, it was recently observed 
[llj that the Chern-Simons term could in principle provide a source of instability. This was 
known in D = 3 where topologically massive gauge theory can developed a tachyon mode 
when the topological Chern-Simons term is introduced [12]. The example considered in [llj 
was Einstein-Maxwell theory in five dimensions with a generic Chern-Simons term. It was 
demonstrated that for the electrically-charged AdS2 x background, there is an upper 
bound of the Chern-Simons coupling, beyond which tachyon modes emerge. The coupling 
in supergravity satisfies this bound. For the magnetically-charged AdSs x 5^ solution, there 
is no such instability. 

In this paper, we examine a large class of Chern-Simons and transgression structures 
that could arise in supergravities. We relax the couplings to be arbitrary constants and 
discuss the instability that could arise due to these terms. In section 2, we examine theories 
involving form fields with Chern-Simons and / or transgression terms in flat spacetime back- 
grounds. In general, Chern-Simons terms always produce instability in backgrounds with 
electric charges whilst the transgression terms produce instability in magnetic backgrounds. 
In section 3, we couple the system to the Einstein-Hilbert action with a cosmological con- 
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stant. By making use of the Breitenlohner-Preedman bound of AdS backgrounds, we derive 
the the maximum couphng of the Chern-Simons and/or transgression terms, beyond which 
instabihty will arise. We apply the results in various supergravities in section 4, and demon- 
strate that for AdS X Sphere backgrounds in supergravities, the bounds are always satisfied; 
they would have been saturated had the momentum in the internal direction be continuous. 
We conclude our paper in section 5. In appendix A, we present a detailed linear analysis 
of eleven-dimensional supergravity in AdS4 x S"^ and AdSy x S'^ backgrounds. We use this 
example to show that in general the linear perturbation of the form fields that depends on 
the Chern-Simons/transgression coupling decouples from the rest of the perturbation modes 
including the graviton modes and hence can be analyzed easily. We give the condition for 
which these modes are no longer decoupled from certain graviton modes. 

2 A general case in flat background 

2.1 Either Chern-Simons or transgression term 

Let us consider a general case in flat spacetime background, involving {n,p,q)-ioYm field 
strengths. The Lagrangian contains only the kinetic terms and one Chern-Simons term, 
namely 

^0 = -l*H(n) A -H"(„) - ^*F(_p) A F(p) - A G(g) + aC(„_i) A A G(<j) . (1) 

where = (iC(„_i), = d^(p„i), = dB(^q_iy It is clear that the spacetime 

dimension is D = n+p + q—1. The constant a measures the strength of the Chern-Simons 
coupling. It is well-known that the Chern-Simons and transgression terms are sometimes 
related by the Hodge dualization. This can certainly be done for ([T]). To be specific, if 
we perform the Hodge dual on the Hn to become {D — n)-form if( the Lagrangian 
becomes 

^0 = -^*^(Z)-n) A if(Z)-n) - \*P(:p) A i^(p) - \*G{q) A . (2) 

In this Lagrangian there is no longer any Chern-Simons term; however, the {D — n)-form 
field strength is modified by a transgression term, namely 

H{D~n) = f^C'(D-n-l) + « A , dH(^jj^n) = "^(p) A . (3) 

Thus there is no need for us to discuss the case with purely the transgression term in detail, 
since it can be dualized to become a Chern-Simons term. 
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The equations of motion for ([T]) are given by 



= (-ira/7(„)AG(,), 
fi*G(g) = a A F(p) . (4) 



In terms of index notation, the equations are given by 



p'n' ± p ± H 



ri!p! 

Here the tensor e is a pure number in flat background and we adopt the convention that 
eoi2--- = 1- 

Let us consider a background with vanishing form fields F^p) and F^^) but non-zero 
The equations for the linear fluctuation {U,V) for {F,G) are then given by 



(6) 



In this section, we examine the possible instability due to the Chern-Simons term for con- 
stant electric or magnetic or dyonic in D = 2n dimensions. In the last subsection, we 
shall consider a system with both Chern-Simons and transgression terms. It should be em- 
phasized that for our discussion it is equivalent to turn on each one of the (n, p, q) forms. In 
special cases where two or all three field strengths are the same, some combinatoric factors 
can be altered without changing the essential conclusion. 

2.2 Electric 

We first consider the case with -ff(n) being electric, namely 

= {-lYEdt A dx^ A ... A dx"-^ , (7) 

where is a constant. The minus factor in the above plays no essential role and it is 
merely to make the intermediate formulae better looking. The whole spacetime is split into 
n-dimensional sub-spacetime T with coordinates and {d = D — n = p + (?— 1) dimensional 
space S with coordinates y*. The equations of motion ([6]) become 

f) TTlii---ip-i _ _5^pn---jp-iji -iqT/. 



r- • (-lyaE .... 

5^C7^^i-^P-2M = 0, a/F^-'i--^''-^'^ = 0. (8) 



Note that U and V satisfy the foUowing Bianchi identity 

d[iUj,...j^] = = d[jVj,...j^] . (9) 

Let us define 
This imphes that 

. . (-\\p{q-'^) . . . . . f-i^gCp-i) . . . 

^ " (q-1)! ^ Ji-^.-i^ ' - ^ Ji-jp-i>/ 

(11) 

Acting on the first and second equations in ([8]) by and £ii^...i^_^ki---kp--i_d^ 

respectively, we have 

□f/ji-j?-! I I±r pji-j<3-i„. . aT/«i-*p-i 



(12) 



where 

□ = a^a^ + a^a^ . (is) 

The above two equations can be expressed in terms of form language, namely 

nUs + aE*sdVs = Q, nVs + {-lY'^aE*sdUs = Q. (14) 

The subscript "s" denotes that the forms and the Hodge dual are defined in the S'-space. 
In the momentum basis, e^PtJ-^'^+^^iV'' ^ we have 



aEjl, {M^-k^)lNj \Vs 



(15) 



where = -p^'p^, k"^ = k^ki, Np = ^ and Ng = \ Also J is the Np x Nq matrix 
of momenta ki and In is the N x N identity matrix. 

Let us look at some specific examples of J. For convenience we may arrange (U, V) in 
the lexical order. For q = 1, Jp^i is a row vector of dimension p and the components are 
given by 

(Jp,i), = i(-l)*+iVi_,. (16) 
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The next simplest example is p = 2 and q = 2, for which we have 

/ -k3 k2 \ 
J2,2 = i k-s -ki (17) 
\-k2 ki ) 

The matrix in (|15|) is hermitian and hence guaranteed to have real eigenvalues. The 
mass of possible tachyon modes can be determined by the vanishing of the determinant of 
the matrix, which leads to the condition 

- /c^ ± aEk = . (18) 

(The M = solution with non- vanishing k is incompatible with the Bianchi identity.) Thus 
there are tachyon modes for < A; < ^jaE'l. In section 3, we shall analyze the system 
coupled to gravity, in which case the constant electric can support an AdS„ x S^~^ 
background. 

2.3 Magnetic 

We now examine the case with -H^(n) being magnetic, namely 

^{n) = (-l)"''+'i^VA...Ady". (19) 

We split the whole spacetime into two parts: the {d = p + q — 1) dimensional spacetime T, 
with coordinates and the n-dimensional space S with coordinates y*. The equations for 
the linear perturbations ^ become 



, (-DPiaB 
Q^jjiJi -Jp-2i ^ , diV^-^^--^"-''' = . (20) 



We define 



This implies that 



C_np(«'-i) 



(-l\q{p-^) 

V - {p-i)\ ^i-^p-i^ ■ y^^} 



The equations for U and V can be cast into the same form as (jl4p . except that now Hodge 
dual and the forms are defined within the T-spacetime, namely 

nUt + aE *tdVt = , nVt + {-l)P'^aE*tdUt = 0. (23) 

Here the subscript t labels the T-spacetime. In this case, the characteristic equation for the 
mass M and momentum modular k is given by 

- + aBM = . (24) 

It is thus clear that there is no tachyon mode. 

2.4 Dyonic iJ(„) 

When D = 2n, the field strength -f/^(n) can be both electric and magnetic, namely 

H(^^) = {-l^Edt Adx^A...A dx"-^ - Bdy^ A . . . A dy" . (25) 

The D-dimensional spacetime is split into the n-dimensional spacetime T with coordinates 
x^^ and the n-dimensional space S with coordinates y*. It is straightforward to derive the 
linearized equations of motion, which contain the following 

UUs + aE *sdVs = , nVs + {-ly^aE *,dU, = , 

nUt + aB*tdVt = Q, nVt + {-lY''aB*tdUt = ^. (26) 

Thus there are tachyon modes associated with Us and Vs- 

2.5 Both Chern-Simons and transgression terms 

There can be both Chern-Simons and transgression terms associated with the same field 
strength Hi^^y The corresponding equations of motion and Bianchi identity are character- 
ized by 

d*F(„) = (-l)"^aF(p)AG(,), = A (5(,-) . (27) 

Let X and Y be associated with F and G in the same way as U and V associated with F 
and G. When the -ff(n) is electric, we have 

UUs + aE *sdVs = , nVs + {-IfaE *sdUs = , 

UXt + PEndYt = Q, UYt + {-lY'ipE*tdXt = Q. (28) 

When the -f^(n) is magnetic, we have 

UUt + aB *tdVt = , DVt + {-l)P'^aB ndUt = , 
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nXs + PB*sdYs = 0, nYs + {-iy'^PB*sdXs = 0. (29) 
Thus in this case, there are tachyon modes regardless whether -f^(n) is electric or magnetic. 

3 Coupled to Gravity 

In the previous section we consider the instabihty arising from the Chern-Simons or trans- 
gression terms of form fields in the flat Minkowskian background. We now examine the 
effect of gravity coupled to this system. We first consider the Lagrangian 

C = iR-2A)*l + Co. (30) 

where Cq takes the same form as ([T]). The first term in the above is the Einstein-Hilbert 
term with a cosmological constant A. Let us first consider the AdSxS^"" vacuum solution 
supported by the electric it is given by 

ds^) = a^dsl + b'^dn\)_^ , = E aJ^ei^^) , 

. 2(n-l) 2(D-n-l) , (n - 1)^ (D-n-lV 

where ds^ and dQ'^^^^) the unit AdS„ and S^""" metrics, satisfying R^,y = — (n — l)g^i, 
and Rij = {D — n — l)gij respectively. 

As discussed in the end of appendix A, in the special case for n = 2 with H^2) = -^(2) 
and/or H^2) — ^(2)) the gravitational fluctuation couples with that of the 2-form field 
strengths through the Chern-Simons coupling a. This case was studied in |llj for five- 
dimensional Einstein-Maxwell theory. In more generic cases, as we show in appendix A, 
the gravitational perturbation is independent of a. Since the purpose of the paper is to 
examine the effect of a on the stability of the AdSx Sphere solutions, there is no need for us 
to present the perturbation of the metric here. The relevant modes are the same as the one 
discussed in the flat background, namely Us and Vg defined by (|10p . (Here the subscript s 
denotes that the quantities carry only the indices in the S^~^ directions.) They now satisfy 

/^Us + aE*sdVs = Q, ^Vs + {-iyaE*sdUs = ^, (32) 

where A = —{dd'^ + d^d) is the Laplace operator with respect to the AdSx Sphere back- 
ground. This implies that the mass of the possible tachyon modes is again determined 
by 

-k'^± aEk = . (33) 
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Thus the minimum value of the mass for the tachyon modes is given by 



Mrarn = -\o?E\ (34) 



For this to satisfy the Breitenlohner-Freedman (BF) bound of the AdS^ spacetime, namely 

i-l 

we have 



ML.>MiF = -^^^77^, (35) 



2 (, , 2a^A ^ (n-l)(D-n-l) 
" {n-l){D-2) )- 2{D^) • 

There are two cases arising. The first case is when A < 0, for which the a has a maximum 

value, namely 

2^2 _ {n-l){D -n-l) 
" < "max = 2(D - 2) ■ ^ ^ 

Once this condition is satisfied, there is no instability due to the Chern-Simons term for 

all the allowed parameter regions of the AdS x Sphere solutions in (13ip . The second case is 

when A > 0. In additional to the condition that a has to be smaller than Omaxj there is a 

further requirement that the AdS radius has to be sufficiently small. For a given a < Omax) 

the maximum radius for the AdS„ is given by 



(n- 1){D - 2) /g^ 
~2A V a2 



<ax = ^— ^7 ^RT-l • (38) 



Solutions with a > amax suffers from the instability due to the Chern-Simons term. 

For the magnetic AdSj:)_„ x 5" solution, it is straightforward to show that the mass 
formula is then given by 



M2 -k'^± aBM = , ^ M2 = Jk"^ + la^B^ ± \aB . (39) 
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Thus there is no instability due to the Chern-Simons term. 

It is clear that if the -ff(n) has only the transgression term instead of the Chern-Simons 
term, the electric solution will always be stable whilst the magnetic solution will be stable 
only if the analogous condition discussed above with E replaced by magnetic flux parameter 
B is satisfied. When -ff(n) has both Chern-Simons and transgression terms, the above 
conditions have to be satisfied in order to avoid instability regardless whether the -f^(n) is 
electric or magnetic. 

If -f^(n) is self-dual, then the corresponding AdS„ x is given by 



Thus, for A < 0, there is no instabihty due to the Chern-Simons and/or transgression terms 
as long as we have a < amax with 



^2 

max 



a;;,.^ = Mn - 1) , (41) 



Note that this expression for a^^x has a factor 2 difference compared to that in (j37p spe- 
cializing in D = 2n. For A > 0, when this condition is satisfied, there can still be instable 
AdS„ X S"^ solutions as long as the AdS radius is larger than amaxi where 



(n - 1)2 /gg 
A V a2 



<a. = ^-r^Rf^-i ■ (42) 



4 Applications in supergravities 

We now apply the results obtained in the previous section in supergravities. Let us first 
examine eleven-dimensional supergravity, which has AdS4 x S"^ and AdSy x S"^ vacuum solu- 
tions. The detailed analysis of linearized perturbation in these backgrounds were presented 
in appendix A. Eleven-dimensional supergravity has the Chern-Simons term, given by 

Cffa = a^(3) A F(4) A F(4) , (43) 

where \a\ = 1/6. The situation is slightly different from the examples discussed in sections 
2 and 3, where the {n,p,q) forms are all different. The equation of motion for F(4) now 
produces a factor 3, namely 

d*F4 = 2>aF(^) A F(4) . (44) 

Furthermore, if we consider F(4) = F(4) + /(4), where -F(4) is the background and /(4) is a 
small perturbation, the above equation picks another factor 2, i.e. 

d5{*F^,^ ) + di/(4) = 6aF4 A /(4) . (45) 

As shown in appendix A, the first term plays no role, and it follows that the stability 
condition (137p is modified by a factor 6 and becomes 

|a| < lOmaxI = \ ■ (46) 

Thus the bound of Chern-Simons coupling for the stable AdS4 x S"^ is saturated naively by 
eleven-dimensional supergravity. (See Appendix for further discussion.) For the magnetic 
AdSy X S"^, there is no such a bound. 
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Type IIB supergravity has an AdSs x vacuum solution supported by the self-dual 
5-form field strength H^^^ . It couples to the R-R and NS-NS 3-form field strengths by both 
Chern-Simons and transgression terms, leading to the equations of motion 

= A , (i*Fi) = A , d*Fl = -H,,, A F^, , (47) 

where F^g^ = dA^^^^, F^^^ = dA^^^ are the R-R and NS-NS 3- forms respectively. There is a 
subtlety with the 5-form normalization; it enters the energy-momentum tensor with a l/\/2 
factor, leading to 1/2 of the contribution of the usual convention of the tensor. This implies 
that the condition of stability ([^T]) is modified by a factor 2, leading to 

|a| < Ittmaxl = 1 • (48) 

Thus the bound is also satisfied by type IIB supergravity. 

Another example is the AdSa x S'^ vacuum solution of six-dimensional supergravities 
supported by a self-dual 3-form. In maximum supergravity, there can be such Chern-Simons 
terms in the form of A^2) A F^^^ A F^^^ and/or analogous transgression terms. In less than 
maximum supergravities, they become ^^4(2) A-F(2) A-F(2). At the level of equations of motion 
for the 2-forms, the coupling constant for Chern-Simons and/or transgression terms can be 
viewed as a = 1 in both cases. Since the stability bound for the AdSs x supported by the 
self-dual 3-form is given by (|4ip . it follows that the bound is also satisfied by six-dimensional 
supergravities. 

The stability condition for the electric AdS2 x was studied in [11]. If one would 
naively apply the condition (j37|) taking into account that the Chern-Simons term involves 
the same U{1) vector field, one would obtain the bound amax = l/(6\/3), which is half 
of the supergravity value. However, it turns out that in this special case, as explained in 
appendix A, the linear perturbation of the the Maxwell field cannot be decoupled from all 
the linear perturbation modes of the metric. The mass formula is thus modified by the 
inclusion of certain relevant graviton modes. The consequence is that the bound is also 
satisfied by five-dimensional supergravity [TT] . 

5 Conclusions 

An important issue in the AdS/CFT correspondence is the stability of the AdSx Sphere 
vacuum solutions in supergravities. These solutions are expected to be stable by the argu- 
ment of supersymmetry. However the abundant Chern-Simons and/or transgression terms 
in supergravities could in principle produce a source of instability, even though they play 
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no role in the construction of these sokitions. In this paper we relax the couplings of the 
Chern-Simons/transgression terms to be arbitrary constants and show that there indeed 
are upper bounds for these couplings beyond which instability occurs. 

We show that in general the tachyon modes arise from the linear perturbation of the form 
fields and decouple from the gravitational modes. However, in some special cases tachyon 
modes can also involve the gravitational modes and the analysis can be more involved. 
The conclusion is that the couplings of Chern-Simons / transgression terms in supergravities 
examined all satisfy their stability bounds. It would have saturated the bounds had the 
momenta in the internal direction be continuous. The result clearly indicates the special 
feature of supergravities and suggests that the AdS/CFT correspondence may only be valid 
within a sound theory such as supergravities. 

Our focus of analysis has been the non-dilatonic p-branes whose decoupling limits give 
rise to AdSx Sphere backgrounds. It is of interest to investigate the analogous stability 
condition for dilatonic p-branes whose decoupling limit give rise to a product of a domain 
wall spacetime and a sphere, which may shed light on the domain wall/QFT correspondence. 
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A Instability analysis for D = 11 supergravity 

The Lagrangian for the bosonic sector of eleven -dimensional supergravity is given by 

C = R*1-^* F(4) A F(4) + iA(3) A F(4) A F^,^ , (49) 

where F(4) = dA^^^y We shall consider a more general Lagrangian by adding a cosmological 
constant A and replacing the Chern-Simons coupling g by an arbitrary constant a. The 
resulting equations of motion are modified, given by 

RlJ - l^dlJ = T2^h ~ Tii-^^ 9lJ 1 

where = t^}\q system admits AdS4 x S""^ and AdSy x 5^ vacuum solutions. We 

shall analyze the stability conditions for both vacua. 
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A.l AdS4 X S'^ 

The AdS4 x S''' solution is given by 

ds^ = gf.^dx'^dx'' = -^dsl + R^dQ'^ , F(4) = E Rje^^^ , 
R U . 9 18 

where e{4) is the volume form for the ds^. The metrics ds^ and dO.^ describe the unit AdS4 
and S''' respectively. In other words, the curvatures of the background are given by 

- ^_ - _ _6__ 

rL^ itrj tt^ ttj 

It is clear that we have split the whole spacetime index /, J = 0, 1, . . . , 10 into - ■ ■ = 
0, 1, 2, 3 to label the indices in AdS4 and = 4, 5, . . . , 10 to label the indices in the 5^ 

directions. The fluctuations of the metric and the 4- form are denoted by 

9iJ = 9iJ + hij , FijKL = FiJKL + fiJKL ■ (53) 

We find 

Rij = Rij + k {VK^ih/ + VK^jhi'' - V'^VKhij - ViV.jh\) , 
6{^) = \V^h'j , (54) 

Our purpose is to discuss the instability due to the Chern-Simons FFA term, hence we 
first consider the linearized equation of motion for the gauge field. It will become apparent 
presently that it is advantageous to adopt the traceless gauge 

h = h^j = 0. (55) 

It follows that S{y/—g) = 0. The variation of the 4-form field strength around the back- 
ground is given by 

Specifically, we have 

The linearized equations for the gauge field perturbations are 

da {V^ir^"^ - Ee^^^Ph^^)^ + di {^{f'"''' - Ee^f^'PhJ)) = , 
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d, [V^r^') + di [V^f^'') = -jE^e'^^'^'-'^'^h,i,i,i, . (58) 

Note that the parameter a appears only in the last equation in (j58p . which can also be 
expressed as 



expressed 

V^/^i,fc + V7/^ifc + jEe,^^ fiM.u = • 

Acting em^rn2ma^'^^^ m on ([59|), we find 



(59) 



1 _ 

= —e< 



^£^mim2m3 mf^ijk ~l~ ^ ^mflijk ~^ ^ m ifnijk ~^ m iflnj 



_^=r mijk 

~ 3! '^i"^2'n3 



+-^' rrT jflink + m" fc/«jjn + fhhhu) 



1 - - 1 - / - 3 

— '^^^fj.fmijk ~l" ^ if mijk 'J^fmijk 

(I— ~l~ ^7)/mim2m3 ~l~ Q^-^^mim2m3 ^mfijk j (^^) 

where we have defined 

ymim2m3 l_^mim2m-jmijk j ^ (61) 

We also have used the Bianchi identity as well as the explicit form of the Laplace operator 
7) acting on a tensor: 

^[ifhhhh] = (^[ifhhhh] = 0' 

A f Y7™-T7 f f R"^ f _ P'" f _L 9 P'" " f 

'-^JJijk — V ^mjijk ^ iJmjk ^ jjimk ^ kJij'm' i jjmnk 

"I" j kfmjn ~l~ j ]^fimn — V ^mfijk ~ 'T^fijk • (^2) 

-TLy 

The terms appearing in linear perturbation of the energy-momentum tensor are 



pv — 2^P^ J P1P2P3PA ^ \ypuii' p ii-pu ) 1 '-'^ pi ~ ^'^p Jivpa 1 '^^ I] — ^ 1 

5{hF^9ij) = 9iJ^eP^''''''fp^P2Psp, + E\gijh% - hij) ■ (63) 

Note that only the perturbations /pip2P3P4 and fi^pa contribute to the tensor and the param- 
eter a does not appear in the Einstein equations. Combining with (ISSp . we conclude that 



14 



fijk are decoupled from other fluctuations in the linear order, with only the fijk affected by 
the parameter a. Therefore, the mass of the possible tachyon modes is determined by 

-k'^± 6aEk = (64) 

It is clear that there are tachyon modes for < A; < iSai?!. The most negative tachyon 
mode happens at A; = iSai?!, where = —{3aE)'^. The Breitenlohner-Freedman bound 
of AdSrf+i is 

mh = -^^. (65) 

To avoid the physical instability, we need (SaE)'^ = 9a^ + -p-^ < For eleven- 

dimensional supergravity we have a = g, and hence the bound would be saturated if the 
internal momentum k had been continuous. However, to saturate the bound requires that 
k = \3aE\ be a possible mode in the spectrum of fijk on the S"^ . The spectrum of fijk on 
S'^ is given hy k = ib(/ + 6)/Ry, where I = 0, 1, 2, ... . On the other hand, given q = g 
and A = 0, we find that 3aE = 3/Ry. Therefore, although the Breitenlohner-Freedman 
bound is saturated by the naive minimum of the mass formula (1640 for eleven-dimensional 
supergravity, it could not be saturated by any modes of fijk on S"^ . The lowest mode for 
eleven-dimensional supergravity corresponds to M = which occurs when k = ziz6/Rj. 
In fact, to make sure the lowest mode from the spectrum of fjjk on the S''^ satisfying the 
Breitenlohner-Freedman bound, we only need a < 5/24. 

It is worth emphasizing that although the traceless gauge is normally a "wasteful" 
choice, it serves our purpose in that the potential tachyon modes due to the Chern-Simons 
term decouple manifestly. The disadvantage is that the discussion for the linearized Einstein 
equations become more complicated, for which it is convenient to take the De Bonder gauge. 
Since the the graviton modes play no role in our conclusion of the stability, we shall not 
present them here. 

A. 2 AdSj X 

The AdSy x solution supported by the magnetic F(4) is given by 

ds'^ = gi jdx^dx-^ = R^ds^j + Rjdnl , F = B Rf fi{4) , 
B^.^. A.^-i|^ (66) 



Correspondingly we have 



1__ __ _ 

R^upa — ^2 ^9lip9ua di^pdl^cr) ; Rijkl — {dikSjl 9jk9il) 

15 



where we have spht the whole spacetime index I,J = 0, 1, . . . , 10 into fi,!/, - ■ ■ = 0, 1, . . . , 6 
to label the indices in AdSy and = 7, . . . , 10 to label the indices in the 5^ directions. 

The fluctuations of the metric and the 4- form are again given by (j53p . Under the traceless 
gauge we have S{^y—g) = . The variation involving the 4- form is given by 

5Fl, = , 5F^, = Be, ^"'f^.^i , ^4 = m^e^'''"' Ukim. - QB\g,,h^^ - h,,) , 
6{^F^gij) = '^-gut-'^'^'^h.i.i,,, - B' {gjjh^ , - hjj) ■ (68) 

The linearized equations for the 4-form perturbation are 

9a {V^f^'-"')+d, {^gr'-P) = jBVr4e'''''^'^'^'^'fx,x,x^x, , 

dp iV^r^"') + d, {^gf^"') = , 

du iV^n'') + dk [V^f'^'' + Be, h'^) = , 

5,. (V^ir'" - Be, h''^)) + di (V^if^' - Bi'^^h^)) = . (69) 



The first equation in (j69|) is the only one that depends on the parameter a; it can be 
expressed as 

Acting eaia2a3a/'^''^^d ou ([70]) , wc find 

(□4 + A7)^,.,.3 - """"'VaUup = , (71) 

where we have defined 

ytri 0-20-3 _ l_^ia2cr^aiii/p J (72) 

and we have also used the Bianchi identity as well as the explicit form of the Laplace 
operator A7 = —(^7^7 + (^7^7) acting on a tensor 

12 

^ifpup = ^'^^crftll/p + -^ffll/p ■ (73) 

Analog with the case for electric flux, only the perturbation fij^i^i-ji^ and /^j^i contribute 
to the energy-momentum tensor and the parameter a does not appear in the Einstein 
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equations. Therefore, /^j^p are decoupled with other fluctuations in linear order. The mass 
of the these modes is decided by 

- A:2 -t QaBM = ^ = (^y^WTJSaWj^ ± 3aB^ ^ . (74) 

There is no tachyon instability. 

An important lesson we learn from the above linear analysis is that the potential tachyon 
modes fijk due to the Chern-Simons term decouple at the linear order from the rest of the 
perturbations. This is obvious for the generic (n,p, q)-system discussed in sections 2 and 
3, where only -ff(n) is non- vanishing and -F(p) and differ from In this example, 

however, the {n,p, q)-forms are all the same as one, namely the F(4). The background -F(4) is 
non-vanishing and the 4-form perturbation does couple with the gravitational perturbation. 
Nevertheless, as can be seen from (I58p and ()69p . for an n-form, its equation of motion has 
(n — 1) free indices, but only the modes involving at least (n — 2) free indices in the 
parallel directions of the background flux couple with the graviton modes. These modes 
are independent of the parameter a for n > 2. Thus the potential tachyon modes decouple 
from the rest modes and satisfy a simple equation (j32p for n > 2. It is clear that the above 
argument breaks down for n = 2 and the tachyon modes can no longer decouple from some 
gravitational modes. This situation happens in the Einstein-Maxwell Chern-Simons theory 
in five dimensions. The equations of motion for the tachyon modes are more complicated 
and the result was announced in [11]. It turns out that there is again an upper bound of 
the Chern-Simons coupling for stability and the naive minimum of the mass formula in five- 
dimensional supergravity would have saturated the bound, if the momentum in the internal 
direction had been continuous. However, to saturate the bound requires that k = |l/r3| 
while the corresponding spectrum on the is given hy k = \ (l + 2) / r-^l with / = 0, 1, 2 ... . 
Therefore, the bound could not be saturated by any modes on the sphere and the real lowest 
mode corresponds to M = 0. In fact, it is a common feature in all the supergravities we 
have examined. 
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